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Abstract 



Recently, a Lagrangian description of superfluids attracted some interest from the 
fluid/gravity-correspondence viewpoint. In this respect, the work of Dubovksy et 
al. has proposed a new field theoretical description of fluids, which has several 
interesting aspects. On another side, we have provided in [I] a super symmetric 
extension of the original works. In the analysis of the Lagrangian structures a new 
invariant appeared which, although related to known invariants, provides, in our 
opinion, a better parametrisation of the fluid dynamics in order to describe the 
fluid/superfluid phases. 



1 laura. andrianopoli@polito . it 
2 riccardo. dauria@polito.it 
3 pgrassi@mfn. unipmn.it 
4 mario. trigiante@polito.it 



Motivated by fluid/gravity correspondence [21 El SI E] and the recent developments 
in the field theory description of fluids by [HI [SI El [10], in [1] we have extended a 
field-theoretical description of fluid dynamics to a supersymmetric framework. Actually, 
we considered the comoving-coordinate description in terms of fields (ft 1 , adopted first in 
[pjH and we extended it to a supersymmetric framework by introducing a set of fermionic 
coordinates. In that way, the basic ingredients of the Lagrangian description are a set of 
supersymmetric invariants whose bosonic part coincides with the invariants discussed in 
the quoted papers. Some of those invariants are also invariant under chemical shift sym- 
metry, though not all of them. The supersymmetrization requires to introduce, besides 
the fermionic coordinates 8 a , an additional fermionic coordinate r partner of the local co- 
ordinate if) implementing the chemical-shift symmetry, as used in [71 [SI E] . In addition, we 
considered new Poincare invariants out of the fields d^cf) 1 and d^ip, Z 1 = d^d^tp, which 
could be useful, together with the other invariants, to describe in a more natural way the 
dynamics of a fluid in some particular conditions, such as, for example, the superfluid 
phase transition. A particular combination of the Z 1 with the other Poincare invariants 
is also invariant under chemical-shift symmetry and provides a natural understanding of 
the kinetic term of if). It actually coincides with y 2 = u^^d^ipdyifj. 

In the following, we first give a short review of the Lagrangian formalism for fluid 
mechanics, with attention to the chemical shift symmetry and to the derivation of the 
energy-momentum tensor, where we adhere to the field-theoretical approach developed in 
[SI E|- Then we discuss the properties of the new Poincare invariant Z 7 , presented at the 
bosonic level in [1] , further extending it to a supersymmetric setting. In the application to 
the superfluid, it provides a better parametrization of the superfluid phase separation_|. 
The new invariants would be also useful for the quantum extension of the theoretical 
description of fluids along the lines of [14J . 

The field-theory Lagrangian approach to fluid dynamics was developed in ref.s [HI El 
8, 9|. It is based on the use of the comoving coordinates of the fluid as fundamental fields. 
We will adopt the same notations as [S]. 

Working, for the sake of generality, in d + 1 space-time dimensions, one introduces d 
scalar fields 7 (x 7 , t), I = 1, . . . , d, as Lagrangian comoving coordinates of a fluid element 
at a point x 1 and time t, such that a background is described by (ft 1 = x 1 and requires, 
in absence of gravitation, the following symmetries: 

Sep 1 = a 1 (a 1 = const.) , (1) 

<P J -». O 7 J , (0 7 eSO(d)), (2) 

7 -> £ 7 (0), det(^7«90 J ) = 1. (3) 

The following current respects the symmetries ([1]) - (jSJ): 

^ = ^e^-^e Iu ...j d d Ul ^...d u J I \ (4) 

and enjoys the important property that its projection along the comoving coordinates 
does not change: 

^8^ = 0. (5) 



1 See also [TT| for a complete review. 

2 See [12M13] for a review on superfluids in the context of holography and fluid/gravity correspondence 



This is equivalent to saying that the spatial d-form current J^ d > = — * d+1 J*- 1 ), where 

J {1) = j { e^... Vd e h ... Id d^ ^ . . . d Vd ^ dx» = (-l) d * d+1 f 1 e h ... Id d(j> h A. . . Aty'A , 

(6) 
is closed identically, that is it is an exact form. Hence it is natural to define the fluid 
four- velocity as aligned with J M : 

J» = bu» -)■ b = y/-J» J M = ^/det(B IJ ) , (7) 

where B IJ = d ' M </> J d u cf) J . From a physical point of view, the property of J M to be identically 
closed identifies it with the entropy current of the perfect fluid in absence of dissipative 
effects, so that b = s, s being the entropy density 

If there is a conserved charge (particle number, electric charge etc.), one introduces a 
new field ip(x T ,t) which is a phase, that is it transforms under U(l) as follows 

■0 — > if) + c, (c = const.). (8) 

Moreover, if the charge flows with the fluid, charge conservation is obeyed separately 
by each volume element. This means that the charge conservation is not affected by an 
arbitrary comoving position-dependent transformation 

^^¥) (9) 

/ being an arbitrary function. This extra symmetry requirement on the Lagrangian is 
dubbed chemical-shift symmetry. Using the entropy current J M one finds that, by virtue 
of eq. ©, the quantity J^d^ip is invariant under (j^J). 

From these premises the authors of [8J constructed the low energy Lagrangian respect- 
ing the above symmetries. To lowest order in a derivative expansion the Lagrangian will 
depend on the first derivatives of the fields through invariants respecting the symmetries 

©-©,©: 

C = C(d(f) I ,d^). (10) 

In principle, there are two such invariants constructed out of J M and d^ip, namely b and 
J^d^tp, so that the (Poincare invariant) action functional can be written as follows: 

S = Jd d+1 xF(b,y), (11) 

where y is 



'"' -_ b 



y = vTd^ = —^- . (12) 



By coupling ( TIT]) to a gravity background, one can obtain the energy-momentum 
tensor by taking, as usual, the variation of S with respect to a background (inverse) 
metric g^ v : 

T lu , = {yF y -bF h )u ll u v + ri lw {F-bF h ) . (13) 

On the other hand, from classical fluid dynamics, we also have 

T flv = ip + PJU^Uu + Tj^p, (14) 

from which we identify the pressure and density 

p = yF y -F = yn-F , p = F-bF b . (15) 



Comparing the two expressions of the energy-momentum tensor one can derive the rela- 
tions between the thermodynamical functions and the field-theoretical quantities (see [8] 
for a complete review). In particular, it turns out that the quantity y defined in eq. ffT2|) 
coincides with the chemical potential /i. We conclude that the Lagrangian density of a 
perfect fluid is a function of s and \x 

F = F( 8 ,fjt). (16) 

The results presented here can be straightforwardly generalized to the supersymmetric 
case, where the comoving coordinates (ft 1 and phase if) are extended to superfields. This 
was given in pQ. 

The Lagrangian (TIB"]) used above depends on the two Poincare-invariant variables b 
and y, but at first sight it does not seem to allow for the presence of a kinetic term for the 
dynamical field if), namely X = d^ipd^ip. This term respects the translational invariance 
(jBl), and was actually considered in [9], but fails to satisfy the chemical- shift symmetry 
([9]). However, as we are going to see, the kinetic term for if) is in fact included in y 2 . 

To show this, let us observe that the Poincare invariants one can build from the fields 
d^cf) 1 and d^ip are given by B IJ , y, X together with the variables Z 1 = d^ipd^cf) 1 . Under 
chemical-shift symmetry they transform as 

5B IJ = , 
8X = 2d I fZ I , 
6y = 0, 

6Z I = d J fB IJ . (17) 

We note that B IJ and y are invariant under the chemical-shift symmetry, while the other 
two quantities X and Z 1 are not. However we can construct out of them a new invariant 
I{B,X,Z): 

I(B,X,Z)=X-Z I Z J (B-^jj , (18) 



which is inert under chemical shift symmetry as well. In fact the new invariant (Tl8|) 
actually coincides with — y 2 , since 

I{B,X,Z) = d^d v if) (rT - drtfdrtfBj}) 

= d^d v if) (-u»u u ) = -y 2 (19) 

by virtue of the identity (see for example [8, 9J) 

d^ 1 d v (f) J By} = r]^ + u^Uy . (20) 

In terms of X, Z, B a Poincare invariant Lagrangian, enjoying the symmetries ([1]) - ([3]) and 
(jHJ), and generalizing ffT6|) can be constructed. It should be an S*0((i)-invariant functional 
of the fields B IJ , X.Z 1 : 

S= [ F(B,X,Z)d d+1 x. (21) 

A Lagrangian of this kind is useful to describe physical situations where the chemical- 
shift symmetry is spontaneously broken, and a particular instance of it was considered, 
for example, in [9] to describe a superfluid at T = 0. 

The restricted form F(b, y) is however required in all the cases where the chemical-shift 
invariance of the Lagrangian is expected. In this case, the fields X, Z 1 can only appear 



in the invariant combination ( TT8j) . and one recovers the standard form of the Lagrangian 
F(b, y). We will discuss a possible application of this extended formalism below, when we 
consider the case of the superfluid phase transition, where the chemical-shift symmetry 
is spontaneously broken, together with its constant part ([S])- 

Let us develop the dynamics deriving from the action principle ( 12TJ) . The variation of 
the Poincare-invariant fields under a generic variation of (p 1 and of ip are 



5B IJ = -2d<p* A * 

8X = -2 dip A*d5ip 

5Z 1 = -dSip A * dcp 1 - dip A *< 

The variation of y can be given in terms of the variation of B IJ ,X, Z 1 . The following 
equations of motion are obtained: 

d*jf ] =d2 F B u * d(p J + T z i* dip = , (22) 

d * j (1) = d 27 x * dip + T z i * dcp 1 = , (23) 

where T B u = dJ- ' /dB IJ , Tx = dJ-'/dX , T z i = dJ^/dZ 1 and we have introduced the two 
currents: 

jW = 2 F B ud(P J + F z idip , (24) 

j« = 2F x dip + Fzidcp 1 . (25) 

It is straightforward to verify that the above quantities are the Noether currents associated 
with the constant translational symmetries cp 1 — > cp 1 + c 1 and ip — > ip + c. 

It is interesting to write down the energy momentum tensor for the generalized La- 
grangian J-"[S,X, Z\. The new energy-momentum tensor T^ u is now 

( 8T c)T c)T \ 

t, v = Viw t - 2 (^n M n v + w ^ui + qzuKV) ■ (26) 

To recover a Lagrangian enjoying invariance under chemical-shift symmetry 

JF[B,X,Z] = F[s,y], (27) 

one has to consider the case where the fields B IJ , X and Z 1 only appear in the invariant 
combinations ( II 9p and b 2 = det(B). Consequently, the corresponding energy-momentum 
tensor is retrieved from (125]) by using the relations y = y(B, X, Z) and s = b = ^/det(B IJ ) 
As already emphasized, the generalized Lagrangian J 7 can be useful for describing 
fluid dynamics. One possible application can be found in the description of the 2-fluid 
model for superfluidity, in the same spirit as the approach in [9j. Let us recall few well 
known properties of the Helium superfluid phase transition: 

• Above the critical temperature Tq the fluid has a normal behavior and is invariant 
under the chemical-shift symmetry [8]. It is described in terms of the comoving 
coordinates cp 1 (x) and by the ?7(l)-phase field ip(x). 

On the other hand, below the critical temperature the chemical-shift symmetry is 
spontaneously broken, giving rise to the superfluid. In particular, at T = 0, the 
superfluid is completely described in terms of ip. 



• One can consider, following [9], an isotropic and homogeneous background where 

ij = y t, J = &J/V. (28) 

It corresponds to taking a configuration where the fields (p 1 are comoving with the 
normal fluid part (which is at rest in this background), the superfluid field ip being 
in relative motion with respect to it. Note that the loss of interactions between the 
two fluids is expressed by the property that Z 1 = d^ipd^cp 1 = in the background. 



• Small perturbations about the background 

tP = y {t + ir°(x)) , 7 = &; 7 V + ^(z)) (29) 

introduce a small interaction term Z 1 ^ 0. Note that the quantity BjjZ 1 Z J = e 
stays small in this regime, even if (p 1 — > as T — > 0. 

Given these considerations, we can make use of the relation ( 1181) to observe that at very 
low temperatures the quantity 

y 2 = -X + Bj}Z T Z J = -X + e (30) 

approaches the value X, which is not invariant under the chemical-shift symmetry. In 
this regime the Lagrangian F(b, y) can be expanded in powers of e around the back- 
ground, neglecting contributions 0(e k ), for a finite k. The effective Lagrangian at low 
temperatures, which is no longer invariant under chemical-shift symmetry, becomes then 
of the kind J\X, Z 1 , B IJ } } and reduces to jF[X\ for T ->■ 0. 

Let us finally observe that above the critical temperature the theory is still described 
by the Poincare invariant fields X, B IJ , Z 1 including the kinetic terms of (p 1 and ip which, 
however, only appear in the chemical-shift invariant combinations b, y since Z 1 is not 
small anymore, so that the form F(s,y) of the Lagrangian is recovered at T > Tq- In 
the quantum regime, as in [14], the expansion around the background and by using the 
new invariant might lead to a natural reorganization of the perturbation theory. 

In the rest of this paper we give the supersymmetric extension of this model, following 
the approach developed in [TJ. As discussed there, the extension to (d + l)-dimensional 
superspace of the fields dcj) 1 and dip is given by 

n 7 = dcp 1 + -6T 1 d9 , tt = dtp + ifd8. (31) 

Here T 1 are the Clifford algebra T-matrices in rf+1-dimensions, with the index I = 1, . . . , d 
running on the spatial components only of T a , a = 0, 1, ■ • • ,d, while 9, r and d6 denote the 
matrix form of the Majorana spinors in the m = 2 d / 2 -dimensional spinor representation 
of SO(d, 1). U The 1-forms II 7 and f2 are invariant under the following supersymmetry 
transformations of the fundamental fields (p 1 , 9 a : 

5(p ! = -ieT^ , 56 = e. (32) 

One can also generalize the chemical-shift symmetry of the bosonic case by setting 

6i> = f(4>,e), 5Q = U I d, 1 f, (33) 



3 For Majorana- Weyl spinors, the dimension of the representation is instead m = 2^ d 1 >' 2 . 



while II 7 remains invariant. Equation (1331) also implies 

Sr a = -D a f((f>,e), 

where D a = d ea - |^rj a <9^. 

In terms of the above variables, we can build the following quantities that generalize 
the corresponding bosonic Poincare-invariant fields: 

B IJ = -U 1 A *IT J = n' ,U JlM d d+1 x = B IJ d d+1 x , 

x = -n a *n = n^ u n u d d+l x = x d d+1 x , 

y = n a n 1 • • ■ a u d = j-e' m -" I V l,,,/ <^n£ ■ • ■ njj d d+1 x = y d d+1 x , 

z 1 = -n A *n 7 = Q^Uid^x = Z 1 d d+1 x . (34) 

We denote by the same letter, though with a hat on the top, the corresponding factor 
multiplying the volume form d d+l x, for instance B IJ = U 1 g^U^. Note in particular that 

b = Vdet B IJ . (35) 

They are invariant under supersymmetry transformations and transform as 

5B IJ = , 

5x = -2 n a *5n = -2 dij n a *n 7 = idijz 1 , 

5Y = 0, 

5Z 1 = -8Q A *n J = -djf n J A *IT 7 = djfB IJ , (36) 

under the chemical-shift symmetry. We note that B IJ and Y are invariant under the 
chemical shift symmetry, while the other two quantities X and Z 1 are not. The super- 
symmetric generalization of the invariant ( I19p takes now the form 

I{B , X , Z) = X - Z 1 Z J (B-^u . (37) 

The new invariant ( Fl8|) actually coincides with —Y 2 /b 2 . This was illustrated at the 
bosonic level in eq. (TT9|) . To show that the bosonic result extends straightforwardly to 
the supersymmetric case we need the relation 

n^ = 0, (38) 

where m m is defined in terms of the 0-picturej part J d '° of the super-entropy current J d ' m 
introduced in [TJ: 

u" = 6- 1 (* t 7 d l°)'\ (39) 

The Lagrangian describing the dynamics of the supersymmetric fluid should then be 
an 5'0((i)-invariant functional of the fields B IJ , X, Z 1 : 

S= t F(B,X,Z)d d+1 x, (40) 

which is an obvious generalization of the bosonic case. 



In [15] the characterisation of integral forms and theory quantum numbers are discussed. 



The variations of the superfields B IJ ,X, Z 1 under a generic variation of the bosonic 
fields (j) 1 and ip are 

5B IJ = -2T1 1 A *d5(j) J , 
5X = -2 Q, A *d5i) , 

5Z 1 = -d8ip a *n 7 - n a *d<50 7 , (41) 

and the following equations of motion are obtained: 



r(i) 



d^jy , = d 2 J" B /j * IT + J^j • Q, = , (42) 



d*j (1) =d 



2 j" x * n + t z i * n 7 



0, (43) 



where Tb ij — dJ r /dB IJ , Tx — dT jdX , F z i = dJ-'/dZ 1 and we have introduced the two 
currents: 

jj 1 * = 2 J B un J + F z iVt , (44) 

j( 1 ) = 2J x fi + .F^n 7 . (45) 

Furthermore, a general variation of the fermionic fields 9 and r, gives 

55" = -in 7 A *{56r J d6 + 0r J d<$0) , 
5X = 2 zfi A *(<Jf ^ + f <W0) , 

5Z 1 = i(5fd6 + f d<W) A *n 7 + -tt A *(<50T 7 d0 + 0T 7 d<50) , (46) 

so that the corresponding fermionic equations of motion are 

J?T I d IJ ,e + r]crd ll T = Q, (47) 

where r\c is the sign appearing in the relation fd9 = rjc d9r and depends on the property 
of the charge conjugation matrix in (d + l)-dimensions. 

The link between the above relations and the field equations given in [1] is easily 



retrieved by recalling that Y = Y(X, Z, B) through the relation ([37]) and b = ydet(B IJ ). 
For completeness, we also give the general expression of the supercurrent: 

Js = JiT I 9 + Vcjr. (48) 

The present formalism can provide a framework for studying supergravity/ super- 
symmetric fluid correspondence along the lines of [2] . In particular, it might provide the 
natural ground for studying the dissipative effects as in [161 El HH] an d a systematically 
computation of entropy current corrections [T9(, [201 l2Tj . 
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